Two upper bounds for ruin probability under the discrete time risk model for insurance controlled by two factors: proportional reinsurance and surplus investment are presented. The latter is of interest because of the assumption that insurers invest some or their entire financial surplus on both the stock and bond markets, for which bond interest rates follow a time -homogeneous Markov chain. In addition, the control of reinsurance and stock investment in each time period are assumed to be constant values. The first upper bound for finite time ruin probability and ultimate ruin probability was derived under the condition that the Lundberg coefficient exists. The second upper bound is for finite time ruin probability and was developed from a new worse than used function. Numerical examples are used to illustrate these results, and the upper bound of ruin probability using real-life motor insurance claims data from a broker is also presented.
Introduction
There is increasing attention on ruin probability for insurance discrete time risk models with reinsurance and investment of financial surplus over the last decade due to the fact that insurance companies can purchase reinsurance, invest in the stock market, and receive dividends, among other transactions. However, obtaining an explicit solution of a company's ruin probability is actually a difficult task. One alternative method commonly used in ruin theory is deriving bounds for the ruin probabilities (Diasparra and Romera, 2009, and Lin et al., 2015) thus the focus in this paper is on upper bounds for ruin probability.
Lundberg's inequality provides a well-known upper bound for the probability of ultimate ruin in the classical risk model when the moment generating function of the claim size random variable exists. However, in many practical distributions, the moment generating function does not exist, so the Lundberg inequality is not available in these cases (Cai and Wu, 1997, and Cai and Garrido, 1999) . Thus, there are many researches in which the upper bound of ruin probability has been derived (see, for example, Dickson (1994) , Willmot (1994) , Kalashnikov (1999) , and other researchers) and can be applied to more general claim size distributions.
In this paper, two upper bounds of ruin probability for a discrete time risk model controlled by reinsurance and investment are presented. The former was derived under the condition that the moment generating function of a claim size exists (the Lundberg coefficient exists). This upper bound can be viewed as an extension of the results from the studying of Diasparra and Romera (2009) , and Jasiulewicz and Kordecki (2015) by adding investment to a risk model. The latter was developed from the idea of Willmot (1994) by providing the upper bound in terms of the new worse than used (NWU) function. This upper bound can be applied for more general claim size distributions.
Model description
The typical discrete time risk model for insurance can be written as Under proportional reinsurance contracts, the reinsurer agrees to cover a fraction of each claim equal to the fraction of premiums that it receives from the insurer. 
For the effect of an investment on a risk model, we assume that the insurer can invest in two assets. One is a bond with a known interest rate at the initial time ( 0 I ); the interest rate at time n ( ) , 1, 2,3... ), and we assume that n dd = for all n throughout this dissertation. In addition, n I is assumed to follow a time-homogeneous Markov chain, i.e. both the transition probabilities and the time are independent, and are denoted by
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where
The other investment asset is a stock with simple net return n R and the price of one share of stock n S at time n is defined as
A standard assumption on the stock market is 10 
with the assumption that the sequences   From the risk model in Equation (6) From the definition of ruin probability in the article of Cai and Dickson (2004) and Jasiulewicz and Kordecki (2015) , and given the initial values 0 Uu = and 0s Ii = , the ruin probability for the insurance risk model can be written as follows.
The ruin probability for finite time is given by
and the ultimate ruin probability is also given by
Consider that the ruin probabilities are the cumulative probability from Equations (8) and (9) , then ( ) ( ) ( ) 
Subsequently, the famous Lundberg inequality for the ultimate ruin probability, ( )
for Equation (12) states that if
2) If we omit the investment factor ( 
Again, the ultimate ruin probability, 
Recursive and Integral Equations form for Ruin Probability
The recursive form of ruin probability for finite and ultimate time under discrete time risk model for insurance as in Equation (6), in which ruin probabilities are defined as in Equations (8) and (9), are derived as follows. Lemma 1: The recursive form of ruin probability for finite time and the integral equation of the ultimate ruin probability under the discrete time insurance risk model as in Equation (6) are given as
where ( ) ( 
and
Proof:
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However, if 
from Equation (8) is as follows:
where ( )
From Equation (21), consider that ruin will occur in the first period if 
By using Equation (11) and the Lebesgue dominated convergence theorem, the result of taking 
Upper bounds for ruin probability
In this section, two upper bounds for ruin probability are derived. The first is the case when the Lundberg coefficient exists, and the second is based on the NWU function. , then the upper bound of ruin probability for finite time and the ultimate ruin probability from Lemma1 is ( ) ( ) 
The upper bound for ruin probability when the
Proof: (from Equation (18) 
And by replacing Equation (28) and, (31) in Equation (32), we can achieve 
and since the sequence of 
From the afore mentioned additional assumptions, Willmot (1994) shows us that if the non-negative, non-increasing function
and in addition,
then the upper bound for ( ) ( ) 
where 0 j is defined as in Equation (37).
Since the total claims 
where ( ) 
The next theorem is derived from the above information. By using the inductive method, we arrive at ( ) 
From Equation (19) in Lemma 1, we obtain And by replacing Equation (51) in Equation (50), we can achieve 
Numerical example
The upper bound of ruin probability in Theorems 1 and 2 are illustrated in Examples 1 and 2, respectively, using R programming. The results from Table 1 show that the upper bound's value decreased when either initial surplus 0 U or the investment value in the stock  increased whereas it increased when the reinsurance contract retention level b increased. In addition, the results show that the upper bound's value from Theorem 1 was sharper than the Lundberg upper bound.
Example 2:
Here, it is assumed that the total claims amount 
which is NWU. Thus, the upper bound of ruin probability in Theorem 2 is appropriate to this case.
The results from Table 2 show that the upper bound values for finite time ruin probability increased as the number of time periods ( n ) increased corresponding with Equation (12) that values for finite time ruin probability do not decrease as n increases. The effects of variations of the other factors, i.e. the initial surplus ( 0 U ), the stock investment value ( ), and the reinsurance contract retention level ( b ) on the upper bound values of finite time ruin probability were the same as Experiment 1. (time period n = 1,2,3,4 
 =
(thousand baht). The moment generating function of the lognormal distribution was infinite at any positive number, thus the upper bound of ruin probability in Theorem 2 was appropriate in this situation. We used the dataset in December to find the upper bound of ruin probability for the next 5 months. This dataset fit to lognormal distribution with maximum likelihood estimation of log data parameter 2 385506 . High values of the upper bound for ruin probability indicate that there is a high risk (value of ruin probability) of the company going bust under these conditions. The amount and frequency of claims with respect to the initial capital seem to be the main cause of this situation.
Conclusions
In this study, we propose two upper bounds of ruin probability under a discrete time risk model for reinsurance by generalizing the classic model for two controlling factors: proportional reinsurance and investment. The insurer can invest in the bond and stock markets, and we assume that the interest rates of the bond have a finite number of possible values and follow a time-homogenous Markov chain. Moreover, we assume that the controlling reinsurance and stock investment values in each time period are constant values.
The ruin probability for finite time is presented in a recursive form while the ultimate ruin probability is given as integral equations. The first upper bound for finite time and ultimate ruin probability is derived under the condition that the Lundberg coefficient exists. This upper bound can be view as an extension of the ideas of Diasparra and Romera (2009) and Jasiulewicz and Kordecki (2015) . The second upper bound for finite time ruin probability is developed from the idea of Willmot (1994) in terms of NWU. Numerical examples show the results for the two proposed upper bounds. In the first example, the total claims amount in each time period were assumed to follow an exponential distribution so that the Lundberg coefficient can be found in this case, thus Theorem 1 was applied. In the second example, the claims amount in each time period was assumed to be an i.i.d. Pareto distribution, under which circumstances the Lundberg coefficient does not exist, thus, Theorem 2 was applied in this case.
